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Abstract:We study two-dimensionalN=(0, 2) supersymmetric gauged linear sigma mod-
els (GLSMs) using supersymmetric localization. We consider N=(0, 2) theories with an
R-symmetry, which can always be defined on curved space by a pseudo-topological twist
while preserving one of the two supercharges of flat space. For GLSMs which are de-
formations of N=(2, 2) GLSMs and retain a Coulomb branch, we consider the A/2-twist
and compute the genus-zero correlation functions of certain pseudo-chiral operators, which
generalize the simplest twisted chiral ring operators away from the N=(2, 2) locus. These
correlation functions can be written in terms of a certain residue operation on the Coulomb
branch, generalizing the Jeffrey-Kirwan residue prescription relevant for the N=(2, 2) lo-
cus. For abelian GLSMs, we reproduce existing results with new formulas that render
the quantum sheaf cohomology relations and other properties manifest. For non-abelian
GLSMs, our methods lead to new results. As an example, we briefly discuss the quantum
sheaf cohomology of the Grassmannian manifold.
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1 Introduction
Supersymmetric localization of the two-dimensional gauged linear sigma model (GLSM)
has proven an extremely useful tool in the study of two-dimensional superconformal the-
ories and of string compactifications — see e.g. [1–8] for some of the most important
recent progress in that direction. Most of these recent developments, however, were con-
cerned with theories with N=(2, 2) supersymmetry.1 In the present work, we consider
two-dimensional GLSMs with N=(0, 2) supersymmetry defined on S2, assuming that the
flat-space theory preserves an R-symmetry. The only way to define a non-conformal su-
persymmetric N=(0, 2) theory — such as the GLSM — on the sphere is by a so-called
pseudo-topological twist [9], which involves a background flux for the R-symmetry.2 In the
1The one notable exception is the elliptic genus computation of [5, 6].
2This is to be contrasted with the N=(2, 2) case, where it is also possible to define a ‘physical’ super-
symmetric theory on the sphere without R-symmetry background flux [1, 2, 10]. See also [11] for a finer

















N=(2, 2) case, supersymmetric localization of the A-twisted GLSM was recently revisited
in [12, 13]. Here we generalize these results to the N=(0, 2) world. (See also [14–16] for
some previous related work.)
We focus on the case of an N=(0, 2) GLSM with an N=(2, 2) locus — that is, the
theory is a continuous deformation of an N=(2, 2) theory, to which it reduces at a special
locus in parameter space. By performing the so-called A/2-twist, the theory can be defined
on any Riemann surface Σ while preserving a single supercharge Q˜(A/2). Such a theory
contains a sector of Q˜(A/2)-closed operators with non-singular operator product expansions
(OPEs) [17, 18], forming what is now known as a ‘quantum sheaf cohomology’ (QSC)
ring, generalizing the ordinary quantum cohomology ring (or twisted chiral ring) of the
A-twisted N=(2, 2) theory.
For Σ ∼= P1, correlation functions of Q˜(A/2)-closed operators are topological — they
are independent of the insertion points and of the metric on P1. The simplest Q˜(A/2)-closed
operators are the gauge-invariant polynomials O(σ) in the N=(0, 2) chiral multiplet scalar
σ, which descents from the scalar field of the N=(2, 2) vector multiplet. We argue that the
correlation functions of these operators can be efficiently computed in terms of ‘Jeffrey-
Kirwan-Grothendieck’ (JKG) residues, generalizing the Jeffrey-Kirwan (JK) residue [19–









Z1-loopk O , (1.1)
where the sum is over all the allowed fluxes on the sphere, each summand is a particular
JKG residue on M˜, the covering space of the GLSM classical Coulomb branch, and Z1-loopk
is a locally holomorphic top form with singularities along divisors on M˜. The JKG residue is
a conjectured residue operation on locally holomorphic forms with prescribed singularities
along divisors, and to the best of our knowledge it has not been defined previously in the
mathematical literature. We will give our working definition of it in section 3.4. It naturally
generalizes the JK residue, which is defined for holomorphic forms with singularities along
hyperplanes. The formula (1.1) specializes to the result of [12, 13] for A-twisted correlation
functions on the N=(2, 2) locus. We will also briefly discuss a dual version of this formula
for some B/2-twisted models without an N=(2, 2) locus [22].
The GLSMs that we consider provide simple ultraviolet (UV) completions of non-linear
sigma models (NLSM) on Ka¨hler varieties X endowed with an holomorphic vector bundle
(more generally, a locally free sheaf) E which is a deformation of the tangent bundle TX,
and reduces to it on the N=(2, 2) locus. The Q˜(A/2) cohomology is naturally identified
with the sheaf cohomology of E, and the non-perturbative correlation functions realize the
so-called quantum sheaf cohomology relations. There has been a considerable amount of
previous work on quantum sheaf cohomology rings in abelian GLSMs, see e.g. [14, 16–
18, 22–35], which culminated in expressions for quantum sheaf cohomology rings for toric
varieties with deformations of the tangent bundle, derived both from physics in [15] and
from mathematics in [36, 37]. (See for example [38–42] for more recent developments and
reviews.) In abelian examples, part of the appeal of our methods is that it gives more

















Another appeal of localization is that it makes manifest some previously obscure proper-
ties of correlation functions, namely their independence from nonlinear deformations, and
the independence of A/2-twisted correlation functions from J-type bundle deformations.
(Analogously, the B/2-twisted correlation functions that we will consider are independent
of E-type deformations.)
Furthermore, our methods also extend to non-abelian GLSMs, which were intractable
with previous methods. As an example, we consider the N=(0, 2) GLSM for the Grassman-
nian manifold with a deformed tangent bundle and compute the A/2-twisted correlation
functions. This leads to a prediction for the quantum sheaf cohomology of this model,
which will be studied further in [43, 44].
The formula (1.1) passes some strong consistency checks. In the abelian cases, it
encodes explicitly the quantum sheaf cohomology relations, in agreement with previous
results [15, 36, 37]. In addition, we can compare the results obtained from (1.1) for the
simplest correlation functions of the P1 × P1 and F1 models to the NLSM expressions
obtained using older Cˇech-cohomology-based methods, and we find perfect agreement.
This paper is organized as follows. In section 2, we study curved-space supersymme-
try for N=(0, 2) theories with an R-symmetry, and we discuss GLSMs in particular. In
section 3, we specialize to A/2-twisted GLSMs with an N=(2, 2) locus, we derive our main
result (1.1) and we discuss a few of its consequences. In section 4, we apply the JKG
residue formula to some well-studied abelian models. In section 5, we consider the simplest
examples of non-abelian GLSMs, namely the Grassmannian manifold and complete intere-
section Calabi-Yau manifolds inside the Grassmannian. In section 6, we briefly discuss a
generalization of our main formula to theories with ‘twisted masses’ and to B/2-twisted
GLSMs dual to the A/2-twisted models of section 3. Some useful auxiliary material can
be found in appendices.
2 N=(0, 2) curved-space supersymmetry
We wish to considerN=(0, 2) supersymmetric gauge theories with an R-symmetry, denoted
U(1)R. In this section, we explain how to preserve supersymmetry on any closed orientable
Riemann surface Σg. We then discuss N=(0, 2) supersymmetric multiplets, Lagrangians
and observables on curved space. We refer to appendix A for a summary of our curved-
space conventions, and for a review of N=(0, 2) supersymmetry in flat space.
2.1 Background supergravity and the pseudo-topological twist
Consider any N=(0, 2) supersymmetric field theory with an R-symmetry. The theory
possesses a conserved R-symmetry current j(R)µ which sits in the N=(0, 2) R-multiplet [45]
together with the right-moving supercurrent Sµ+, S˜
µ
+ and the energy-momentum tensor Tµν .
Such a theory can be coupled to an N=(0, 2) background supergravity multiplet containing
a metric gµν , two gravitini ψ−µ, ψ˜−µ and a U(1)R gauge field A
(R)
µ . At first order around flat





























Curved-space rigid supersymmetry is best understood in terms of a supersymmetric back-
ground for the metric and its superpartners [46, 47]. A background
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supersymmetric if and only if the supersymmetry variations of the gravitini vanish for
some non-trivial supersymmetry parameters. In the present case, we must have:(∇µ − iA(R)µ )ζ− = 0 , (∇µ + iA(R)µ )ζ˜− = 0 . (2.2)
Note that the spinors ζ−, ζ˜− have R-charge±1, respectively. One can derive these equations
by studying linearized supergravity along the lines of [10]. (See also [48] for a complemen-
tary discussion.) The only way to solve (2.2) on Σg is by setting the gauge field Aµ = ∓12ωµ,
with ωµ the spin connection. This preserves either ζ− or ζ˜−. (The only obvious exception




ωµ , ζ− = 0 , ∂µζ˜− = 0 . (2.3)
Since ζ˜− is a constant, it is obviously well-defined globally on Σg. This supersymmetric
background corresponds to a pseudo-topological twist [9] and it preserves one supercharge











gR = g − 1 , (2.4)
where R is the Ricci scalar of gµν , and therefore the R-charge is quantized in units of
1
g−1 .
In particular, the R-charge is integer-quantized on the Riemann sphere.
2.2 Supersymmetry multiplets
Since the supersymmetry parameter ζ˜− is covariantly conserved, the supersymmetry vari-
ations in curved space can be obtained from the flat space expressions by replacing deriva-
tives by covariant derivatives. Let us denote by δ the supercharge Q˜+ acting on fields.
Importantly, δ is nilpotent:
δ2 = 0 . (2.5)
The pseudo-topological twist effectively assigns to every field a spin




where S0 and R are the flat-space spin and the flat-space R-charge, respectively. The
twist (2.6) can correspond to any of the distinct twists that one might define in a given
theory, corresponding to distinct choices for the R-symmetry.
It is convenient to use a notation adapted to the twist, in terms of which all the fields
have vanishing R-charge and definite twisted spin. We use the covariant derivatives
Dµϕ(s) = (∂µ − isωµ)ϕ(s) , (2.7)
acting on a field of twisted spin s. We summarize our curved-space conventions, as well as


















Let Ss be a general multiplet of N=(0, 2) supersymmetry with 2+2 complex components,
with s the twisted spin of the lowest component:
Ss = (C , χ1¯ , χ˜ , v1¯) . (2.8)
The four components of (2.8) have spin (s, s− 1, s, s− 1), respectively. The curved-space
supersymmetry transformations are:
δC = −iχ˜ , δχ1¯ = 2iv1¯ + 2D1¯C ,
δχ˜ = 0 , δv1¯ = D1¯χ˜ .
(2.9)
Note that δ is a scalar — it commutes with the spin operator. All the supersymmetry
multiplets of interest to us are made out of one or two general multiplets subject to some
conditions.
2.2.2 Chiral multiplets
The simplest N=(0, 2) multiplets are the chiral multiplet Φi and the antichiral multiplet
Φ˜i. In flat space, they contains a complex scalar and a spin −12 fermion. After twisting,
one has:












(− ri2 ,− ri2 ), respectively. The supersymmetry transformations rules are:
δφi = 0 , δφ˜i = B˜i ,
δCi = 2iD1¯φi, δB˜i = 0 .
(2.11)
Note that Φ and Φ˜ can be understood as a general multiplets (2.8) satisfying the constraints
χ˜ = 0 and χ1¯ = 0, respectively. Here and in the following, the R-charge refers to the flat-
space R-charge, since the twisted variables used in curved space have vanishing R-charge
by construction.
Given any holomorphic function F(Φi) of the chiral multiplets Φi, one can construct
a new chiral multiplet as long as F itself has definite R-charge, and similarly with the
anti-chiral multiplets:














Another important multiplet is the Fermi multiplet, whose lowest flat-space component is
a spin +12 fermion. For each Fermi multiplet ΛI , we have a function EI(φ) holomorphic in
the chiral fields of the theory. Similarly, an anti-Fermi multiplet Λ˜I comes with an anti-
holomorphic function E˜(φ˜). For the elementary Fermi multiplets, these functions must

















R-symmetry, they must have R-charges R[EI ] = rI + 1, with rI is the R-charge of Λ.
Similarly, the charge-conjugate multiplet Λ˜ has R-charge −rI and R[E˜I ] = −rI − 1.
A Fermi multiplet ΛI of R-charge rI has components:
ΛI = (ΛI , GI) , EI = (EI , CEI ) , (2.13)


















, respectively, and the supersymmetry transformations are
given by:
δΛI = 2EI , δEI = 0 ,
δGI = 2CEI − 2iD1¯ΛI , δCEI = 2iD1¯EI .
(2.14)






(E˜I , B˜EI ) , (2.15)
of spins
(− rI2 + 12 ,− rI2 + 12) and (− rI2 − 12 ,− rI2 − 12), respectively, and
δΛ˜I = G˜I , δE˜I = B˜EI ,
δG˜I = 0 , δB˜EI = 0 .
(2.16)
The product of a chiral multiplet Φi of R-charge ri with a Fermi multiplet ΛI of R-charge
rI gives another Fermi multiplet of R-charge ri + rI , with components:
Λ(ΦΛ) = (φiΛI , φiGI − CiΛI) , E(ΦΛ)I = (φiEI , φiCEI + CiEI) . (2.17)
Similarly, for the charge-conjugate multiplet:
Λ˜(ΦΛ) =
(










Consider a compact Lie group G and its Lie algebra g. The associated vector multiplet is




(Ω− Ω˜) + i
2
[
Ω+ Ω˜,V] , δΩV1 = 1
2







where Ω and Ω˜ are g-valued chiral and antichiral multiplets of vanishing R-charge.3 One can
use (2.19) to fix a Wess-Zumino (WZ) gauge, wherein the vector multiplet has components:
V = (0 , 0 , 0 , a1¯) , V1 =
(
a1 , λ˜ , λ1 , D
)
. (2.20)
The non-zero components have spin −1 and (1, 0, 1, 0), respectively. Under the residual
gauge transformations Ω = Ω˜ = (ω, 0), we have
δωaµ = ∂µω + i[ω, aµ] , δωλ1 = i[ω, λ1] , δωλ˜ = i[ω, λ˜] , δωD = i[ω,D] . (2.21)

















The supersymmetry transformations are:
δa1¯ = 0 , δa1 = −iλ1 ,
δλ˜ = −i(D − 2if11¯) , δλ1 = 0 , δD = −2D1¯λ1 ,
(2.22)
where we defined the field strength
f11¯ = ∂1a1¯ − ∂1¯a1 − i[a1, a1¯] , (2.23)
and the covariant derivative Dµ is also gauge-covariant. Here and henceforth, δ denotes
the supersymmetry variation in WZ gauge, which includes a compensating gauge transfor-
mation.
2.2.5 Field strength multiplet
From the vector multiplet (2.20), one can build a Fermi and an anti-Fermi multiplet:
Y = (2λ1 , 2i(2if11¯)) , Y˜ = (λ˜ , −i(D − 2if11¯)) , (2.24)
of R-charge 1 (that is, the multiplets Y and Y˜ have twisted spin 1 and 0, respectively),
with EY = 0. These field strength multiplets are g-valued.4
2.2.6 Charged chiral and Fermi multiplets
Consider the chiral multiplets Φi in the representations Ri of the gauge algebra g, the
Fermi multiplets ΛI in the representations RI of g, and similarly for the charge conjugate
multiplets Φ˜i and Λ˜I . Under a gauge transformation (2.19), we have
δΩΦ = iΩΦ , δΩΦ˜ = −iΦ˜Ω˜ , δΩΛ = iΩΛ , δΩΛ˜ = −iΛ˜Ω˜ , (2.25)
with Ω, Ω˜ valued in the corresponding representations. The supersymmetry transforma-
tions in WZ gauge are given by (2.11), (2.14) and (2.16) with the understanding that the
covariant derivative Dµ is also gauge-covariant.
2.2.7 Conserved current and background vector multiplet
Consider a theory with a global continuous symmetry group GF . The corresponding
conserved current jµ sits in multiplet
J = (J , jz¯ , j˜ , jz , jz¯) (2.26)
which is built out of two general multiplets of spin 0 and 1. The components (2.26) have
twisted spins (0,−1, 0, 1,−1), respectively. J is a bosonic scalar operator, jz¯ and j˜ are
fermionic, and jµ satisfies
Dzjz¯ +Dz¯jz = 0 . (2.27)
4Our definition of Y in (2.24) a slightly idiosyncratic. There is a unique definition for Y in flat space,
namely (2λ1 , i(D+2if11¯)), but in curved space with one supercharge the present choice is also consistent.

















The supersymmetry transformations are
δJ = −i j˜ , δjz¯ = 2(∂z¯J − ijz¯) , δj˜ = 0 ,
δjz = ∂z j˜ , δjz¯ = −∂z¯ j˜ .
(2.28)
Such a conserved current can be coupled to a (background) vector multiplet. At first order
in the gauge field, we have:
LVJ = aµj
µ +DJ + (fermions) . (2.29)
2.3 Supersymmetric Lagrangians
There are four types of supersymmetric Lagrangians we can consider on curved space:
1. v-term. Given a general multiplet S1 of twisted spin s = 1 with components (2.8),
we can built the supersymmetric Lagrangian
Lv = v11¯ (2.30)
from the top component. It is clear from (2.9) that the corresponding action is both
δ-closed and δ-exact.
2. G-term. From a Fermi multiplet Λ with s = 1 (that is, R-charge 12) and E = 0, we
have the supersymmetric Lagrangian
LG = G . (2.31)
This term is not δ-exact.




= G˜ . (2.32)
We see from (2.16) that this term is both δ-closed and δ-exact.
4. Improvement Lagrangian. This term is special to curved space. Given a conserved








is supersymmetric upon using (2.3).



















All the standard kinetic terms are v-terms and are therefore δ-exact. Consider a g-valued
























Consider charged chiral multiplets Φi of R-charges ri, transforming in representation Ri of








iDφi + 2iB˜iD1Ci − 2iφ˜iλ1Ci + iB˜iλ˜φi , (2.36)
where the vector multiplet fields (aµ, λ˜, λ1, D) are suitablyRi-valued. The Lagrangian (2.36)







= φ˜i(−4D1D1¯ +D − 2if11¯)φi + 2iB˜iD1Ci − 2iφ˜iλ1Ci + iB˜iλ˜φi .
(2.37)




















including the RI -valued gauge field in the covariant derivatives D1¯. The holomorphic
functions EI(φ) transform in the same representations RI as ΛI .
2.3.2 Superpotential terms
To each Fermi multiplet ΛI , one can associate a holomorphic function of the chiral multi-
plets JI = JI(Φ), transforming in the representation R¯I conjugate to RI and with R-charge
1 − rI . From these N=(0, 2) superpotential (or J-potentials), one can build the G-term




G(JI) = iGIJI + iΛI ∂JI
∂φi
Ci. (2.39)
Note that this Lagrangian is not δ-exact. Supersymmetry implies that
EIJI = 0 . (2.40)







G˜(J˜I) = −iG˜I J˜I + iΛ˜I ∂J˜I
∂φ˜i
B˜i = δ(− iΛ˜I J˜I) , (2.41)


















Consider a gauge theory with Abelian factors U(1)A ⊂ G. From (2.24), we construct the
gauge invariant Fermi multiplets
YA = trA(Y) , Y˜A = trA(Y˜) , (2.42)
where trA is the projection onto the U(1)A factor. These Fermi multiplet have vanishing
E-potential but they admit J-potentials. In the present work, we restrict ourselves to the
case of a constant JYA = JA in the classical Lagrangian:
JA = τA ≡ θA
2π
+ iξA , J˜A = τ˜A ≡ −2iξA . (2.43)
Here ξA and θA are the Fayet-Iliopoulos (FI) and θ-angles, respectively. (The unusual




τGY + τ˜ G˜ τ˜) = iθA
2π
trA(2if11¯)− ξA trA(D) . (2.44)
Note that the coupling τ˜ is δ-exact while the coupling τ is not.
2.3.4 Supersymmetric counterterm
We can build a trivially-conserved current multiplet (2.26) from
J = f(φ) + f˜(φ˜) , (2.45)
with f(φ) and f(φ˜) some (anti)holomorphic functions of the (anti)chiral multiplet lowest





in this case. Note that the dependence on the anti-holomorphic function f˜ dropped out.
The Lagrangian (2.46) is therefore an purely holomorphic local term on the twisted sphere.
2.4 GLSM field content and anomalies
Consider a general N=(0, 2) GLSM with a gauge group G, with g = Lie(G). The gauge
sector consists of a g-valued vector multiplet (V ,V1). If G contains U(1) factors,
n∏
A=1
U(1)A ⊂ G , (2.47)
we turn on the FI parameters (2.43). Let us also define the quantity:
qA = exp(2πiτA) . (2.48)
The matter sector consists of chiral multiplets Φi of R-charges ri in representations Ri of

















associate the two holomorphic potentials EI = EI(Φ) and JI = JI(Φ) constructed out of
the chiral multiplets Φi, satisfying EIJI = 0, with R-charges
R[EI ] = rI + 1 , R[JI ] = 1− rI , (2.49)
and such that Tr(Λ˜IEI) and Tr(ΛIJI) are gauge invariant.
Anomaly cancelation imposes further constraints on the matter content and on the
R-charge assignment. Let us decompose the gauge algebra g into semi-simple factors gα














− Tgα = 0 , ∀α , (2.50)
where R(α) denotes the representation of gα obtained by projecting the representation R
of g onto gα, while TR(α) denotes the Dynkin index of R
(α) and Tgα stands for the index of
the adjoint representation of gα. For instance, one has Tfund = Tfund =
1
2 and Tsu(N) = N
for the fundamental, antifundamental and adjoint representations of su(N). In order to













I = 0 , ∀A,B , (2.51)
where QAi and Q
A
I are the U(1)A charges of the chiral and Fermi multiplets, respectively.
In addition, the U(1)R-gauge anomalies should vanish:∑
i





I = 0 , ∀A . (2.52)












due to contributions from the charged chiral multiplets.
2.5 Pseudo-topological observables
Consider an N=(0, 2) theory in curved space, with a certain twist by the R-symmetry.
The flat-space theory has an R-multiplet [45] that includes the stress-energy tensor Tµν
and the R-symmetry current j
(R)
µ . We can define a “twisted” stress-energy tensor:















which is conserved because Tµν and j
(R)
µ are conserved. The operator Tzz is Q˜+-closed,
while Tzz¯ and Tz¯z¯ are also Q˜+-exact. By a standard arguments, it follows that correlation
functions of Q˜+-closed operators are independent of the Hermitian structure on the two-


















The supersymmetric observables are also (locally) holomorphic functions of the various
couplings. It is clear that they are holomorphic in the superpotential couplings appearing
in JI , and in the FI parameters JA = τA, since the anti-holomorphic couplings J˜I and J˜A
are δ-exact. To understand the dependence on the EI -potential couplings, note that any
deformation of E˜I by ∆E˜I(φ˜) deforms the classical Lagrangian (2.38) by a δ-exact operator:
∆L = ∆E˜IEI + 1
2







More generally, it follows from (2.16) that E˜-deformations commute with the supersymme-
try. On the other hands, deformations of the holomorphic potentials EI commute with the
supercharge up to terms holomorphic in ∆EI . Since EI only enters the Lagrangian through
δ-exact terms, this implies that supersymmetric observables depend holomorphically on
the EI -couplings. (See [49] for a similar discussion in four dimensions.)
We are interested in a special class of Q˜+-closed operators with non-singular OPEs [17,
18], and we would like to consider their correlations functions on the Riemann sphere:
〈OaOb · · · 〉P1 . (2.56)
These ‘pseudo-chiral’ operators form a ring with product structure
OaOb = fabcOc (2.57)
captured by the genus-zero correlation functions. When the GLSM flows at intermediate
energies to a NLSM with target space X endowed with an holomorphic vector bundle E
(more generally, a locally free sheaf), the operators Oa are expected to flow to NLSM
operators corresponding to sheaf cohomology classes of the bundle E. In that case, the
correlation functions (2.56) define a quantum-deformed sheaf cohomology ring, known as
quantum sheaf cohomology (QSC).5 The QSC relations can be computed in the GLSM in
the UV because the pseudo-topological correlators (2.56) are RG-invariant. (See also [50]
for a recent discussion.) By abuse of notation, we sometimes use the term ‘quantum sheaf
cohomology’ for the pseudo-chiral ring of a GLSM, irrespective of its geometric interpreta-
tion.
In the next section, we will further restrict ourselves to the case of the A/2-twisted
pseudo-chiral ring of N=(0, 2) theories with an N=(2, 2) locus, while some simple B/2-
twisted theories will be considered in section 6. We leave more general studies of arbitrary
N=(0, 2) pseudo-chiral rings for future work.
2.6 Supersymmetric locus and zero-modes on the sphere
A configuration of bosonic fields from the vector, chiral and Fermi multiplets preserves
the single supercharge on curved space if and only if the fields satisfy the supersymmetry
equations:
D = 2if11¯ , Dz¯φi = 0 , EI(φ) = E˜I(φ˜) = 0 . (2.58)
5This expectation is satisfied in many simple examples, but the situation can be more complicated. In
general, many of the quantum sheaf cohomology classes of E are not realized in any simple (or known) way

















In particular, the chiral field φi is an holomorphic section of an holomorphic vector bun-
dle determined by its R- and gauge-charges. Such configurations will dominate the path
integral. In the special case of an A/2-twisted GLSM with an N=(2, 2) locus — to be
discussed in the next section — we will argue that the path integral for pseudo-topological
supersymmetric observables can be further localized into Coulomb branch configurations,
in which case the charged chiral multiplets are massive and localize to φi = 0. We still






g (−2if11¯) ≡ k ∈ ih . (2.59)
Note that we generally have fermionic zero modes, in addition to the bosonic zero
modes that solve the second equation in (2.58). For future reference, let us summarize
the counting of zero modes on the Riemann sphere. (The generalization to any genus is
straightforward.) Consider a charged chiral multiplet Φi of R-charge ri and gauge charges
ρi (the weights of the representation Ri), in a particular flux sector (2.59), together with
its charge conjugate multiplet Φ˜i. Let us define:
rρi = ri − ρi(k) . (2.60)
The scalar field component φ(ρi) is a section of a line bundle O(−rρi) over P1, with first
Chern class −rρi . Its zero-modes are holomorphic sections of O(−rρi), which exist if and
only if rρi ≤ 0. The analysis for the other chiral multiplet fields C1¯, φ˜ and B˜ is similar. For
each weight ρi of the representation Ri, one has the following zero-modes:
Φρi →
{
−rρi + 1 zero-modes of (φ , φ˜ , B˜)(ρi) if rρi ≤ 0 ,
rρi − 1 zero-modes of C(ρi)1¯ if rρi ≥ 1 .
(2.61)
Similarly, for a Fermi multiplet ΛI and its charge conjugate Λ˜I , with R-charge rI and gauge
representation RI , one finds:
ΛρI →
{
rρI zero-modes of Λ˜I if rρI ≥ 1 ,
−rρI zero-modes of ΛI if rρI ≤ 0 ,
(2.62)
where we defined rρI = rI − ρI(k). The zero-modes (2.61)–(2.62) are present if we turn off
all interactions, while most of then are generally lifted by the gauge and EI couplings. In
addition, we also have rk(G) gaugino zero modes λ˜a (a = 1, · · · , rk(G)) from the vector
multiplet (2.20).
3 A/2-twisted GLSM with an N=(2, 2) locus
In this section, we consider an N=(0, 2) GLSM with an N=(2, 2) locus. In terms of
N=(0, 2) multiplets, the theory contains a g-valued vector multiplet, a chiral multiplet Σ
in the adjoint representation of g, and pairs of chiral and Fermi multiplets (Φi,ΛI), with
i = I, transforming in representations Ri of g. On the N=(2, 2) locus, the EI and JI
potentials read

















where Σ acts on Φi in the representation Ri, and W is the N=(2, 2) superpotential. More
generally, any properly gauge-covariant holomorphic functions EI , JI are allowed as long
as (2.40) is satisfied. (On the N=(2, 2) locus, EIJI = 0 follows from the gauge invariance
of W .)
We choose to assign the following R-charges to the matter fields:6
R[Σ] = 0 , R[Φi] = ri , R[Λi] = ri − 1 , ri ∈ Z . (3.2)
This assignment automatically satisfies (2.52). The corresponding curved-space theory
realizes the so-called A/2-twist, generalizing the A-twist off the N=(2, 2) locus. The po-
tential functions EI and JI must have R-charges ri and 2−ri, respectively. On the N=(2, 2)
locus, there also exists an axial-like R-symmetry U(1)ax at the classical level. In N=(0, 2)
language, it corresponds to an alternative R-charge assignment
Rax[Σ] = 2 , Rax[Φi] = 0 , Rax[Λi] = 1 . (3.3)
We restrict ourselves to theories that preserve that Rax off the N=(2, 2) locus as well. This
means that EI remains linear in Σ while JI cannot depend on Σ at all. The A/2-twisted
supercharge Q˜(A/2) has Rax-charge 1. Note that Rax is generally anomalous at one-loop.




in the A/2-twisted theory on the sphere, where O(σ) is any gauge-invariant polynomial
in the scalar σ from the chiral multiplet Σ. These are the simplest operators in the A/2-
type pseudo-chiral ring. The presence of the Rax symmetry leads to simple selections rules




to the Abelian gauge coupling (2.48), where bA0 is the FI parameter β-function coeffi-
cient (2.53). Moreover, Rax suffers from a “gravitational” anomaly upon twisting. Due to





] = −2dgrav , dgrav = − dim(g)−
∑
i
(ri − 1) dim(Ri) . (3.6)
Therefore, the standard ‘ghost number’ selection rules of the A-model remain valid away
from the (2, 2) locus.
We would like to compute the A/2-twisted correlation functions (3.4) by supersym-
metric localization. As we will show, the recent results of [12, 13] for A-twisted N=(2, 2)
correlation functions can be extended to this case, provided some genericity condition is
satisfied.

















3.1 The N=(0, 2) Coulomb branch
Consider the Coulomb branch consisting of diagonal VEVs for σ:
σ = diag(σa) , a = 1, · · · , rk(G) , (3.7)
and similarly for the charge-conjugate field σ˜. The Coulomb branch has the form M ∼=
hC/W , with h the Cartan subalgebra of g and W the Weyl group of G. Let us also denote
by M˜ ∼= hC ∼= Crk(G) the covering space of M. At a generic point on M˜, the gauge group





with algebra h (up to the Weyl group). Consider the holomorphic potentials EI = EI(σ, φ),
linear in σ, of R-charge ri (with I = i), which transform in the same representations RI
of g as ΛI . Here and in the rest of this section, we identify the indices i = I, j = J , etc.
On the Coulomb branch, we have
EI = σaEaI (φ) , (3.9)










Note that (3.10) transforms in the representation RI ⊗ R¯J of g. Gauge- and U(1)R-
invariance implies that the mass matrix (3.10) is block-diagonal (up to a relabeling of the
indices), with each block consisting of fields transforming in the same gauge representation
and having the same R-charge. Let us denote by γ = {Iγ} ⊂ {I} the subset of indices
corresponding to each of these blocks, so that we can partition the indices as {I} = ∪γ{Iγ},
and let Rγ = RIγ be the corresponding gauge representations. We also denote by rγ the
corresponding R-charge. (That is, the chiral and Fermi multiplets ΦIγ and ΛIγ have R-
charges rγ and rγ − 1, respectively.) Each block is diagonal in representation space, and










for each block. In (3.11), ργ , ρ
′
γ are indices running over the weights of the representation
Rγ . We also write







In the following, we shall assume that
detM(γ, ργ) 6= 0 , ∀(γ, ργ) , (3.13)
at any generic point on the Coulomb branch. This ensures that all the matter fields are
massive on M˜ except at special loci of positive codimension. In particular, the condi-

















At a generic point on the Coulomb branch, we can therefore integrate out the matter
















where ργ are the weights of Rγ and α are the positive simples roots of g. The classical
couplings (τa) ∈ h∗
C
are the complexified parameters of the effective theory, which are







the dual of g into h∗
C
. The second contribution to (3.14) arises from integrating out the
chiral and Fermi multiplets [14], and the last term is the contribution from the W -bosons
multiplets. From (3.14), we read off the effective FI parameter on the Coulomb branch. In
particular, we are interested in the effective FI parameter at infinity on M˜. Denoting by
R the overall radius of M˜ ∼= Cr, we define:











where b0 ∈ ih∗ is equivalent to (bA0 ) ∈ ic∗ defined in (2.53).
3.2 Quantum sheaf cohomology relations
Consider a GLSM such that all the chiral multiplets have vanishing R-charge. In that case,
the pseudo-chiral ring relations — or QSC relations — can be analyzed on the Coulomb
branch, similarly to the N=(2, 2) case [14]. On M˜, these relations are encoded in the
equations:







)ρaγ = (−1)∑α>0 αaqa , ∀a , (3.17)
with qa = e
2πiτa . Let SQSC be the set of isolated solutions (σa) to (3.17) satisfying the
additional constraint that they correspond to points on the Coulomb branch with maximal
Higgsing (3.8). (For instance, for a U(N) gauge group this gives the additional conditions
that σa 6= σb if a 6= b.) The QSC relations are the relations f(σ0) = 0 satisfied by any
element σ0 of SQSC.
In the abelian case, the σa’s correspond to gauge invariant operators and (3.17) are the
QSC relations themselves [14]. For non-abelian theories, it requires some additional ingenu-
ity to extract the explicit gauge-invariant relations from the Coulomb branch description.
We briefly discuss an important U(N) example in section 5.1.
3.3 A/2-twisted correlation functions
The correlation functions (3.4) can be computed explicitly as a sum over flux sectors on
the sphere, with each summand given by a generalized Jeffrey-Kirwan (JK) residue on








































Here and in the next subsection, we explain the notation used in (3.18)–(3.19). The
derivation of the formula is discussed in subsection 3.5.
The overall factor in (3.18) is Weyl symmetry factor, with |W | the order of the Weyl
group of G. The sign factor (−1)N∗ is a sign ambiguity. In the examples we shall consider
with chiral multiplets of R-charges 0 and 2 only, we should take N∗ to be the number of
chiral multiplets of R-charge 2 [13, 51].
The sum in (3.18) is over the GNO-quantized [52] magnetic fluxes k ∈ ΓG∨ ⊂ ih.
The integral lattice ΓG∨ ∼= Zrk(G) can be obtained from ΓG, the weight lattice of electric
charges of G within the vector space ih∗, by [53, 54]




aka is given by the canonical pairing of the dual vector spaces. Let us
also introduce the notation ~k ∈ Zn to denote the fluxes in the free part (2.47) of the center













Here ~τ ∈ Cn denotes the complexified FI parameter, while τ is the same FI parameter
viewed as an element of h∗
C
.
Each summand in (3.18) is given by a (conjectured) generalization of the JK resi-
due [19–21], called the JKG residue, upon which we elaborate shortly. That residue depends
on the argument η ∈ h∗
C
in (3.18). In this work, we take
η = ξUVeff , (3.22)
the effective FI parameter in the UV defined in (3.15). With this choice, the JKG residue is
a local operation at the origin of the Coulomb branch (or at finite distance on the Coulomb
branch) because all boundary terms — the potential contributions from infinity on M˜ —
vanish [13, 55]. (A different choice of η would require a careful treatment of these boundary
terms, but one can always choose (3.22) — η is an auxiliary parameter in the derivation,
which cannot affect the physical result. The only restriction in the use of (3.22) is that η
should not lie on a chamber wall in FI parameter space.)
The integrand in (3.18) is a meromorphic rk(G)-form on M˜ ∼= Crk(G). The expres-
sion (3.19) is the contribution from the massive fields on the Coulomb branch. The first
product in (3.19) runs over all the positive simple roots α > 0 of g and corresponds to the
W -bosons. The second product in (3.19) is the contribution from the matter multiplets
ΦI ,ΛI , with the partition of indices {I} = ∪γ{Iγ} as explained above (3.11), and another
product over all the weights ργ of the representation Rγ of g, for each γ. The polynomials

















3.4 The Jeffrey-Kirwan-Grothendieck residue
Let us introduce the collective label Iγ = (γ, ργ) for the field components in each block γ. In
any given flux sector, the integrand in (3.18) is a meromorphic (r, 0)-form on7 M˜ ∼= hC ∼= Cr
with potential singularities at:
∪γ HIγ ⊂ Cr, HIγ ∼= {σ ∈ Cr | detMIγ = 0} . (3.23)
Each HIγ is a divisor (codimension-one subvariety8) of Cr and all these divisors intersect
at σ = 0. Let us denote by
PIγ (σ) = detMIγ (σ) ∈ C[σ1, · · · , σr] (3.24)
the homogeneous polynomials of degree dγ associated to (3.23). (For each γ, every PIγ
has the same degree.) To each PIγ , we associate the charge vector QIγ ∈ ih∗, which is the




if Iγ = (γ, ργ). In any flux sector with flux k, the actual singularities consist of the subset
of the potentials singularities (3.23) at PIγ such that
ργ(k)− rγ ≥ 0 . (3.26)
We shall assume that, in any given flux sector, the set of charge vectors Q ⊂ {QIγ}
associated to the actual singularities is projective — that is, the vectors Q are contained
within a half-space of ih∗. Note that a non-projective Q signals the presence of dangerous
gauge invariant operators which may take an arbitrarily large VEV [13]. One can sometimes
render a non-projective singularity projective by turning on some twisted masses of the type
considered in section 6.1 below, effectively splitting the singularity.
We would like to define the “Jeffrey-Kirwan-Grothendieck” (JKG) residue as a sim-
ple generalization of the Jeffrey-Kirwan residue. Let us first recall the definition of the
Grothendieck residue [56] specialized to our case. Given r homogeneous polynomials Pb,
b = 1, · · · , r, in C[σ1, · · · , σr], of degrees db, such that P1 = · · · = Pr = 0 if and only if
σ1 = · · · = σr = 0, let us define a (r, 0)-form on Cr:
ω(P ) =
dσ1 ∧ · · · ∧ dσr
P1(σ) · · ·Pr(σ) . (3.27)
Let Db be the divisor in C
r corresponding to Pb = 0, and let DP = ∪bDb. The form (3.27)
is holomorphic on Cr\DP . The Grothendieck residue of f ω(P ) at σ = 0, with f = f(σ)







f ω(P ), (3.28)
7Here and in the rest of this section, we often write r = rk(G) to avoid clutter.


















with a real r-dimensional contour:
Γǫ =
{
σ ∈ Cr ∣∣ |Plb | = ǫb , b = 1, · · · , r} , (3.29)
oriented by d(arg(Pl1)) ∧ · · · ∧ d(arg(Plr)) ≥ 0, with ǫb > 0, ∀b. The residue (3.28) only
depends on the homology class of Γǫ in Hn(C
r\DP ). Note that, if f is an homogenous
polynomial of degree d0, the residue (3.28) vanishes unless d0 =
∑r
b=1(db − 1). Useful
properties of the Grothendieck residue are reviewed in appendix B.
Consider an arrangement of s ≥ r distinct irreducible divisors HIγ ∼= {σ |PIγ = 0} of
hC ∼= Cr, intersecting at σ = 0, and denote by DP their union. To each Iγ is associated
the charge QIγ ∈ ih∗. We denote this data by:
P = {PIγ} , Q = {QIγ} , (3.30)
were Q is assumed projective. Let RP be the space of rational holomorphic (r, 0)-forms
with poles on DP, and let SP ⊂ RP be the linear span of






where PS = {P1, · · · , Pr} ⊂ P denotes any subset of r distinct polynomials in P associated
to r distinct charges QS = {Q1, · · · , Qr} ⊂ Q, while P0 is any homogeneous polynomial of
degree d0 =
∑r







Res(0) ωS if η ∈ Cone(QS) ,
0 if η /∈ Cone(QS) ,
(3.32)
in terms of a vector η ∈ h∗. Here, Cone(QS) denotes the positive span of the r linearly-
independent vectorsQS in h
∗. We further conjecture that there exists a canonical projection
RP → SP, so that the JKG residue is defined on RP through (3.32) by composition,
similarly to the JK residue defined in [20].
The contour integral in (3.18) is a JKG-residue at the origin, with the vector η given
by (3.22). Oftentimes, one can find the correct JKG contour by considering small defor-
mations off the N=(2, 2) locus. On the N=(2, 2) locus, the divisors HIγ are hyperplanes





and the JKG-residue reduces to an ordinary Jeffrey-Kirwan residue, reproducing previous
results for the A-twisted GLSM [12, 13].
3.5 Derivation of the JKG residue formula
In this subsection, we sketch a derivation of the residue formula (3.18), closely following
previous works [6, 13, 55], to which we refer for more details. We shall leave one important
technical step — the proper cell decomposition of the Coulomb branch — as a conjecture.
More generally, we would like to stress that the JKG residue has not yet been defined
satisfactorily at the mathematical level. We hope that the present work will motivate






























with e and g some dimensionless parameters that we can take arbitrarily small. With the
standard reality condition σ˜ = σ¯, the kinetic term for the chiral multiplet Σ localizes to9
∂µσ = 0 , [σ, σ˜] = 0 . (3.35)
We therefore localize onto the Coulomb branch discussed in subsection 3.1. We also have







with k in the flux lattice (3.20). Let us define
Dˆ = −i(D − 2if11¯) , (3.37)
with Dˆ a real field corresponding to fluctuations around the supersymmetric value Dˆ = 0,
in any topological sector. At a generic points on the Coulomb branch, all the other matter
field are massive, while for special values of σ corresponding to
PIγ (σ) = 0 , (3.38)
with PIγ defined in (3.24), we have additional bosonic zero modes and the localized path
integral would be singular. To regularize these singularities, it is useful to keep the constant
mode of Dˆ in intermediate computations [6].
We also have the fermionic zero modes λ˜ from the Coulomb branch vector multiplets,











d2σa dDˆa dλ˜a dB˜Σa
]Zk(σ, σ˜, λ˜, B˜Σ, Dˆ) , (3.39)








σa , σ˜a , B˜Σa
)
. (3.40)










Zk = 0 . (3.41)
9More precisely, we performed a field redefinition of the auxiliary field D so that the Lagrangian LYM+
LΣ˜Σ match the N=(2, 2) SYM Lagrangian. That introduces a term [σ, σ˜]


















In the limit e, g → 0, we have
Zk(σ, σ˜, Dˆ) ≡ Zk(σ, σ˜, 0, 0, Dˆ) = lim
e→0
e−S0 Zmassivek (σ, σ˜, Dˆ)Z1-loopk (σ, σ˜, Dˆ) . (3.42)











(setting e0 = 1 in (2.34)), while Zmassivek is the contribution from non-zero modes, which
is trivial when Dˆ = 0, and Z1-loopk is the zero-mode contribution, which reduces to (3.19)
when Dˆ = 0. These one-loop contributions are derived and discussed in appendix C.
The insertion of any pseudo-chiral operator O(σ) does not modify the derivation.
It simply corresponds to inserting the same factor O(σ) with constant σ in the inte-
grand (3.39).
3.5.2 The rank-one case
Consider first the case of a rank-one gauge group. We choose G = U(1) for simplicity, but
the generalization is straightforward. We have matter fields Φi,Λi with gauge charges Qi
and R-charges ri and ri − 1, organized in blocks Φγ . We have the one-loop contributions











λ(γ,k) + |Mγ |2 + iQγDˆ
) (3.44)
with λ(γ,k) > 0, and











if rγ −Qγk < 1 ,
(3.46)
from the zero modes. The singular locus on the Coulomb branch corresponds to detMγ = 0,
for each γ. This is simply σ = 0 in the present case, but it is useful to suppose that detMγ
has more general roots. (That can be achieved with twisted masses, as in section 6.1
below.) In each flux sector, we remove a small neighborhood ∆ǫ,k of the singular locus, of
size ǫ > 0, and we decompose this neighborhood as
∆ǫ,k = ∆
(+)
ǫ,k ∪∆(−)ǫ,k ∪∆(∞)ǫ,k , (3.47)
where ∆
(±)
ǫ,k corresponds to the neighborhood of the singularities from the positively and
negatively charged matter fields (Qγ > 0 and Qγ < 0, respectively), as well as the neigh-
borhood of σ = ∞. We assume that our theory is such that we can always separate the
singularities from positively and negatively charged fields, for any given k. (Such singular-





























dσZk(σ, σ˜, Dˆ) . (3.48)
For each γ block, the Hermitian matrix |Mγ |2 can be diagonalized with eigenvaluesm2γ > 0.
The absence of chiral multiplet tachyonic modes requires that
Im(QγDˆ) < m
2
γ , ∀γ , ∀m2γ . (3.49)
This determines the Dˆ contour of integration Γ exactly like in [13]. There is an important
contribution from infinity, which is controlled by the effective FI parameter (3.15). We
have a twofold freedom in choosing Γ (corresponding to the sign of η in (3.32)) and we
can choose η = ξUVeff so that the contribution from ∂∆
(∞)
ǫ,k vanishes [13, 55]. In that case,




ǫ,k according to the



















dσZ1-loopk (σ) . (3.50)
The first equality corresponds to η = ξUVeff > 0 and the second equality corresponds to η =
ξUVeff < 0. When b0 = 0, ξ
UV
eff can be tuned to be of either sign and the two formulas (3.50)
are equal as formal series [13]. The result (3.50) can be written as the JKG residue (3.32).
3.5.3 The general case














(hab)Zk(σ, σ˜, Dˆ) , (3.51)
with hab a two-tensor on M˜ that satisfies
∂σ˜ahbc − ∂σ˜chba = 0 , ∂σ˜aZk(σ, σ˜, Dˆ) = DˆbhbaZk(σ, σ˜, Dˆ) , (3.52)
with Zk(σ, σ˜, Dˆ) given in (3.42). The only difference with the discussion in [13] is that hab
need not be symmetric. One way to motivate this result is to note that the low-energy
effective action on the Coulomb branch should take the form








the properties (3.52) follow. More generally, the hab in (3.51) may depend on Dˆa but the
above properties are preserved and follow from supersymmetry. We may define a form


















for any V valued in hC, in terms of which (3.52) reads
∂¯ν = 0 , ∂¯Zk = ν(D)Zk , (3.55)
with ∂¯ the Dolbeault operator on M˜. In any flux sector, we define ∆ǫ,k to be the union of
the small neighborhoods of size ǫ around the divisors HIγ in (3.23) such that (3.26) holds,














Zk(σ, σ˜, Dˆ) drσ ∧ ν(dDˆ)∧r. (3.57)
From here onward, one may follow [13] almost verbatim. The main difficulty lies in dealing
with the boundaries of ∆ǫ,k, the tubular neighborhood of the singular locus that should be
excised from M˜. We conjecture that a sufficiently good cell decomposition exists, such that
the manipulations of [6, 13, 55] can be repeated while replacing the singular hyperplanes
by singular divisors. This would establish the JKG residue prescription in the regular
case, that is when the number s of singular divisors equals r. (The prescription for the
non-regular case, s > r, is a further conjecture, motivated by examples.)
3.6 Comparison to previous results









JKG-Res[η]e2πiJeff (k)Z1-loopk (σ)O(σ) drk(G)σ , (3.58)




eff the effective Ja-potential defined in (3.14), and














Following [13], let us assume that the integrand of (3.58) is such that the contributing
fluxes all lie within a discrete cone Λ ⊂ ΓG∨ , defined by
Λ =
{




A + r(0), nA ∈ Z≥0
}
(3.60)
for some r(0) ∈ ΓG∨ , with κA (A = 1, · · · , rk(G)) a basis of ΓG∨ , and such that, for every
contributing flux, the JKG residue includes all the poles. In such a situation, one can








































Here the contour is the rk(G)-torus at infinity. Furthermore, if the theory has isolated




∣∣ e2πiκAa Jaeff(σP ) = 1 for all A = 1, · · · , rk(G)} . (3.62)





















This result was first obtained in [14] for G abelian. Another expression for the correlation
functions was described in [41, 42], were it was shown to be equivalent to the result of [14].
Note that (3.63) generalizes [14] to the non-abelian case as well.
3.7 Some properties of the correlation functions
The localization result (3.18) renders some interesting properties of the A/2-twisted cor-
relation functions manifest, in the case of the GLSM with an N=(2, 2) locus that we are
considering here. Specifically, we see that the correlations functions are independent of
non-linear deformations of the EI -potential, and that they are also completely independent
of the superpotential JI except for the implied constraints on the R-charges of the chiral
and Fermi multiplets. Note that these properties are not a direct consequence of N=(0, 2)
supersymmetry — in particular, the corresponding couplings are not δ-exact.
The EI -potentials are linear in the field σ but they can be of higher order in the other
chiral multiplet scalars φI , as in (3.9), if allowed by gauge invariance. The localization
computation, however, only depends on the first-order terms in φI through the effective
masses (3.10), because the localization locus is simply φI = 0. Therefore, the A/2-twisted
correlation functions (3.18) are independent of the non-linear terms in the EI potentials.
This result was conjectured in [15] for both quantum sheaf cohomology ring relations
and correlation functions, proven rigorously for the quantum sheaf cohomology of abelian
models in [36, 37] and argued in [57] for correlation functions. Here we derived the same
results in greater generality.
It was also argued in [15] that A/2-twisted GLSMs with a (2, 2) locus should be in-
dependent of the JI superpotential deformations. (The issue was later addressed in [39].)
This claim is rather striking from the point of view of the infrared NLSM, since it implies
an analogue of the distinction between complex and Ka¨hler structure moduli that exists
for N=(2, 2) superconformal models. Our result proves this conjecture by explicit compu-
tation. We simply see that JI = 0 on the localization locus φI = 0, therefore the result is
completely independent of the corresponding coupling constants. The only dependence on
the JI -superpotential is through the constraints that the presence of such terms impose on
the allowed R-charges.
4 Abelian examples
N=(0, 2) deformations of N=(2, 2) abelian GLSMs have been studied extensively in the

















the quantum sheaf cohomology ring of models describing toric varieties with a deformed
tangent bundle — see e.g. [15, 36, 37]. In this section, we rederive some of those results
using our localization formula, which simplify the computations considerably.
4.1 The PNf−1 model
The tangent bundle of PNf−1 can be defined by a short exact sequence:
0 −→ O ∗−→ O(1)Nf −→ TPNf−1 −→ 0 , (4.1)
where ∗ is given by multiplication by homogeneous coordinates. TPNf−1 admits no holo-
morphic deformations. The corresponding GLSM consists of a U(1) vector multiplet, one
neutral chiral multiplet Σ, and Nf chiral and Fermi multiplets ΦI ,ΛI with gauge charge
Q = 1 and vanishing R-charge. The most general EI potential allowed is
EI = σ AIJφI , (4.2)
with A a constant Nf ×Nf matrix. We take A to be invertible so that the Coulomb branch
of section 3 exists, which implies that A can be set to unity by a field redefinition. In that
case the model actually possesses N=(2, 2) supersymmetry. In is instructive, however, to
consider an arbitrary invertible A as a formal deformation.
In this simple case, we have a single γ-block and the Coulomb branch mass matrix:
MI
J = σ AI
J . (4.3)












(detA)−k−1 qk if n = N(k + 1)− 1 ,
0 otherwise .
(4.4)
In the first line, we used the fact that ξUVeff → +∞ in this model, from which it follows
that only the fluxes k ≥ 0 contribute to the JKG residue. The result (4.4) differs from the
N=(2, 2) result by a rescaling of q to (detA)−1q, and by an overall factor of (detA)−1 which
could be reabsorbed in a local couterterm (2.46). Note that the correlations functions are
singular at detA → 0, which corresponds to the appearance of additional massless modes
on the Coulomb branch. (For A = 0, Σ itself becomes free.)
4.2 The P1 × P1 model
This is one of the simplest examples of a toric variety with nontrivial tangent bundle
deformations. Consider the holomorphic bundle E over P1 × P1 realized as a cokernel by
the short exact sequence:
























with x and y the homogeneous coordinates on the two P1 factors. The bundle E is a non-
trivial deformation of the tangent bundle (which is the case B = C = 0 and A = D = 1).
The corresponding GLSM has a gauge group U(1)1 × U(1)2, two neutral chiral mul-
tiplets Σ1, Σ2, and the chiral and Fermi pairs XI ,Λ
X
I (I = 1, 2) and YK ,Λ
Y
K (K = 1, 2),
with gauge charges (1, 0) and (0, 1), respectively, and vanishing R-charges. The map (4.6)
corresponds to the E-potentials:
EXI = σ1AIJxJ + σ2BIJxJ , EYK = σ1CKLyL + σ2DKLyL , (4.7)
with A,B,C,D some generic 2× 2 matrices. We have two γ-blocks, corresponding to the
two P1 factors, with the corresponding mass matrices:
M1 = σ1A+ σ2B , M2 = σ1C + σ2D . (4.8)
The application of the residue formula (3.18) is straightforward. We have ξUVeff → +(2, 2)∞,
so that only the flux sectors with k1, k2 ≥ 0 contribute. The correlation functions are







O(σ1, σ2) dσ1 ∧ dσ2
(detM1)k1+1(detM2)k2+1
. (4.9)
The quantum sheaf cohomology relations of the P1×P1 model [15, 36, 37] are given by:
detM1 = q1 , detM2 = q2 . (4.10)
These relations can also be read from (4.9), since the insertion of detE1 (or detE2) in the
integral is equivalent to shifting k1 (or k2) by one.
The correlation functions (4.9) can be computed explicitly, for instance by using stan-
dard properties of the residue reviewed in appendix B. For the two-point functions, one
finds:
〈σσ〉 = −α−1 Γ1 , 〈σσ˜〉 = α−1∆ , 〈σ˜σ˜〉 = −α−1 Γ2 , (4.11)
where we defined
Γ1 = γAB detD − γCD detB , Γ2 = γCD detA− γAB detC ,
∆ = (detA)(detD)− (detB)(detC) , α = ∆2 − Γ1Γ2 ,
(4.12)
with
γAB = det(A+B)− detA− detB , γCD = det(C +D)− detC − detD . (4.13)
One can perform an independent check of this result by using Cˇech cohomology tech-
niques [58], as presented in appendix D.1, and one finds perfect agreement. The four
points functions can be obtained similarly, as discussed in appendix D.1.
It was argued in [25] that the singular locus of these correlation functions, i.e. the locus
{α = 0} in parameter space, coincides with the locus on which the bundle degenerates.
This matches expectations from a lore according to which singularities in N=(0, 2) NLSM

















x1 x2 w s
U(1)1 1 1 n 0
U(1)2 0 0 1 1
Table 1. Weights of the homogeneous coordinates of Fn. They coordinates xI , w, s are also the
scalar components of the chiral multiplets XI ,W, S, and the weights are their gauge charges.
4.3 Hirzebruch surface Fn and orbifold WP
2
1,1,n
The Hirzebruch surface Fn with n > 0 can be described in terms of four homogeneous
coordinates xI (I = 1, 2), w and s, with weights given in table 1. The deformation E of
the tangent bundle is described by the cokernel
0 −→ O2 ∗−→ O(1, 0)2 ⊕O(n, 1)⊕O(0, 1) −→ E −→ 0 (4.14)
with
∗ =
 Ax Bxγ1w + s fn(x) β1w + s gn(x)
γ2 s β2 s
 , (4.15)
where A, B are 2 × 2 complex matrices, γ1, γ2, β1, β2 are complex constants, and fn, gn
are degree n homogeneous polynomials. The special case A = I, B = 0, fn = gn = 0,
β1 = β2 = 1, γ1 = n and γ2 = 0 correspond to the tangent bundle.
To discuss this class of models, we should distinguish between the two cases n = 1
and n ≥ 2. The key difference is that F1 is a strictly NEF Fano variety (that is, the anti-
canonical divisor has a positive intersection with every effective curve). In that case, the
RG flow of the Ka¨hler class leads to a large volume F1 geometry in the UV of the NLSM.
By contrast, the NLSM on Fn with n > 1 would always flow to a singular orbifold WP
2
1,1,n
in the UV. The naive geometric intuition is not reliable in that case, and one should use
the orbifold description instead. (See [59] for a similar discussion.)
The GLSM corresponding to these geometries has a gauge group U(1)1 × U(1)2 with
two neutral chiral multiplets Σ1,Σ2, and the chiral and Fermi pairs XI ,Λ
X
I (I = 1, 2),
W,ΛW and S,ΛS , with gauge charges given in table 1 and vanishing R-charges. We have
the E-potentials:









, ES = σ1γ2s+ σ2β2s .
(4.16)
There are three γ-blocks here, of dimensions 2, 1 and 1 respectively, with Coulomb branch
masses:
MX = σ1A+ σ2B , MW = σ1γ1 + σ2β1 , MS = σ1γ2 + σ2β2 . (4.17)
These masses, and the correlators below, are independent of the non-linear deformation
encoded in f(x) and g(x), in accordance with the discussion of section 3.7. According


























with η = ξUVeff → +(2+n, 2)∞. This is the simplest example of a non-regular JKG residue:
depending on the flux sector, there can be up to three divisors intersecting at the origin of
M˜ ∼= C2. Following (3.31), we define:
ωQXQW =
P0 dσ1 ∧ σ2
detMX MW
, ωQXQS =






with P0 and Q0 some generic homogeneous polynomials of degree 1. Consider first the
case of the first Hirzebruch surface F1. In this n = 1 case, η = ξ
UV
eff lies inside the cone
generated by QX and QW , which is the ‘geometric phase’ of the GLSM. (For any given
n, both Fn and WP
2
1,1,n are classical ‘phases’ of the same GLSM, but only one phase is
relevant quantum mechanically.) Therefore, we must have:
JKG-Res[η]ωQXQW = Res(0) ωQXQW , JKG-Res[η]ωQXQS = Res(0) ωQXQS ,
JKG-Res[η]ωQWQS = 0 .
(4.20)
One way to describe the corresponding residue is by first summing the residues in σ1 at the
roots of PX ≡ detMX , for σ2 fixed and generic, before taking the residue at the remaining
pole in σ2:













f(σ1, σ2) . (4.21)
We thus obtain the following expressions for the two-point functions in this model:
〈σ21〉 = α˜−1
[
∆˜− β1β2 det(A+B) + (γ1 + β1)(γ2 + β2) detB
]
,
〈σ1σ2〉 = α˜−1∆˜ ,
〈σ22〉 = α˜−1
[










det(A+B)− detA− detB)+ γ2i detB ,
α˜ = Φ1Φ2 .
(4.23)
Higher correlation functions can be obtained similarly. The JKG residue results match
results which were obtained independently through Cˇech-cohomology-based arguments, as
described explicitly in appendix D.2.
For n = 2, η = ξUVeff lies along the cone boundary QW and our residue formula is not
valid. For n > 2, η = ξUVeff lies in the cone generated by QW and QS , which correspond to
the ‘orbifold phase’ WP21,1,n. The correlation functions can also be obtained in that case,
and are to be interpreted in terms of the WP21,1,n geometry. The fact that ξ
UV
eff lies outside
the geometric phase in FI parameter space translates geometrically to the fact Fn for n > 2
is not a NEF Fano variety [59]. For n > 2, the JKG prescription gives:
JKG-Res[η]ωQXQW = 0 , JKG-Res[η]ωQXQS = Res(0) ωQXQS ,


















For all values of n, the quantum sheaf cohomology ring relations follow from (4.18):
(detMX) (MW )
n = q1 , MWMS = q2 , (4.25)
which agrees with [15, 36, 37].
4.4 The quintic
The quintic Calabi-Yau threefold inside P4 can be engineered by a U(1) GLSM with a
neutral chiral multiplet Σ, four chiral and Fermi multiplets Xi,Λ
X
i of gauge charge Qi = 1
and R-charges ri = 0, and a chiral and Fermi multiplet pair P,Λ
P of gauge charge Qp = −5
and R-charge rp = 2.
10 By a field redefinition, we can take the E-potentials to be the same
as on the N=(2, 2) locus:
Ei = σxi , Ep = −5σp . (4.26)
The R-charge assignment allows to turn on the J-potentials:
Ji = p(∂iG+Gi) , Jp = G , (4.27)
where G is a homogeneous polynomial of degree five in the xi’s and Gi are homogeneous
polynomials of degree four. The condition (2.40) implies:
xiGi = 0 . (4.28)
The quintic X in P4 corresponds to the locus G = 0, while the polynomials Gi parameterize
a deformation E of the tangent bundle TX [9]. The N=(2, 2) locus corresponds to Gi = 0.
As explained in section 3.7, the correlation functions are independent of the J-potential,
therefore (3.18) leads to the same results as on the (2, 2) locus [12, 13, 51].
5 Non-abelian examples
In this section, we consider some non-abelian GLSMs with an N=(2, 2) locus. We empha-
size the case of the Grassmannian with a deformed tangent bundle, whose quantum sheaf
cohomology can be studied using our explicit formula for the A/2-twisted correlation func-
tions. A more thorough study of the Grassmannian manifold quantum sheaf cohomology
will appear in [43, 44].
5.1 Grassmannian manifold with deformed tangent bundle
Consider the Grassmannian manifold Gr(Nc, Nf ). Its tangent bundle admits N
2
f −1 defor-
mations if 1 < Nc < Nf − 1. (If either Nc = 1 or Nc = Nf − 1, there are no deformations.
One still has a B matrix below but it only describes trivial deformations.) The correspond-
ing GLSM contains a U(Nc) vector multiplet, a chiral multiplet Σ in the adjoint represen-
tation of the gauge group of vanishing R-charge, and Nf chiral and Fermi multiplets Φi,Λ
Φ
i
(i = 1, · · ·Nf ) in the fundamental representation and with vanishing R-charges.
10Note that the non-zero R-charge for P means that the corresponding scalar field is twisted, as discussed

















The most general E-potential one can write is
EΦi = Aij σφj +Tr(σ)Bijφj , (5.1)
where in the first term σ acts on φi in the fundamental representation, and A and B are
generic Nf × Nf matrices. The N=(2, 2) locus corresponds to A = 1 and B = 0. We
can set A = 1 by a field redefinition. The remaining components of B (modulo the trace)
correspond to the N2f − 1 deformations of TGr(Nc, Nf ).






B , a = 1, · · · , Nc , (5.2)
corresponding to the Nc weights of the fundamental representation. Using (3.18), one can

















a 6=b(σa − σb)∏Nc
a=1(detMa)
1+ka
O(σ) dσ1 ∧ · · · ∧ dσNc , (5.4)
where the sum is over partitions of k by non-negative integers. Here we used the fact
that ξUVeff → (1, 1, · · · , 1)∞. The integrand is regular and the JKG residue reduces to the
Grothendieck residue in every contributing flux sector.

















) O(σ) . (5.5)
This expression makes it obvious that the correlators satisfy the quantum sheaf cohomology
relations defined in section 3.2. Following that discussion, the QSC relations are satisfied
by the solutions to the equations:
detMa = (−1)Nc−1qa , ∀a , σa 6= σb if a 6= b . (5.6)
The expression (5.5) ensures that the correlation functions satisfy the QSC relations be-
cause any insertion of f(σ) leads to a vanishing residue,
〈f(σ)O(σ)〉(A/2)
P1
= 0 , (5.7)
by the definition of f(σ) given in section 3.2. The Vandermonde determinant in the nu-
merator of (5.5) imposes the second constraint in (5.6).
Interpreting these results mathematically goes beyond the scope of this paper. The
QSC of the Grassmanian with deformed tangent bundle will be discussed in great detail


















Σ Φi Λi Pα Λ
P
α
U(Nc) 1 Nc Nc det
−Qα det−Qα
U(1)R 0 0 −1 2 1
Table 2. Gauge representations and R-charges in the A/2-twisted GLSM for complete intersection
Calabi-Yau manifolds inside Gr(Nc, Nf ).
5.2 Complete intersection Calabi-Yau inside the Grassmannian
We can similarly describe the correlation functions of Calabi-Yau models engineered by non-
abelian GLSMs. Many such N=(2, 2) models have been introduced in the literature [61, 62]
and it is straightforward to consider their N=(0, 2) deformations [55].
Consider, for instance, a complete intersection Calabi-Yau (CICY) manifold X inside
Gr(Nc, Nf ) [61]. In N=(0, 2) notation, the GLSM consists of a U(Nc) vector multiplet, an
adjoint chiral multiplet Σ, Nf chiral and Fermi multiplets Φi, Λi (i = 1, · · · , Nf ) in the
fundamental representation, and S chiral and Fermi multiplets Pα, Λ
P
α (α = 1, · · · , S) in
the det−Qα representation of U(Nc). The gauge charges and R-charges are summarized in




· · ·Φa1i1 , (5.8)
transforming in the determinant representation of U(Nc), we consider Gα a generic homo-
geneous polynomial of degree Qα in the baryonic fields (5.8), for each α = 1, · · ·S. On the
N=(2, 2) locus, the corresponding E- and J-potentials read:




EPα = −QαTr(σ) pα , JPα = Gα .
(5.9)
The simplest N=(0, 2) deformation we can consider consists in choosing
EΦi = σφi +Tr(σ)Bijφj , (5.10)






= 0 , ∀α . (5.11)
For generic choices of Gα, this is generally impossible unless B = 0. It might be possible,
however, to turn on some B-deformations for specific choices of Gα. Geometrically, this
would correspond to allowed deformations of the CICY tangent bundle TX at specific
higher-codimension loci in the complex structure moduli space of X.










































The FI parameter is marginal and can be chosen at will. To obtain (5.12), we chose η = ξUVeff
to lie in the geometric phase — see [13] for a detailed discussion in the N=(2, 2) case, to
which (5.12) reduces if B = 0.
6 Generalizations
In this section, we consider two simple generalizations of the results of section 3. The
first generalization exists in the presence of a flavor symmetry, in which case one can add
“twisted mass” deformations similar to the twisted masses that contribute to the central
charge on the (2, 2) locus. The second generalization is to B/2-twisted theories which are
related to the A/2-twisted theories with a (2, 2) locus by a simple dualization procedure [22].
6.1 Masses for the global symmetries
Consider a GLSM with a (2, 2) locus that has a flavor symmetry group GF , with Lie
algebra gF . At a given point in the parameter space spanned by the EI -couplings, the
global symmetry group will be a subgroup of the symmetry group G˜F of the theory at the
N=(2, 2) supersymmetric locus:
GF ⊂ G˜F (6.1)
because the EI -couplings transform non-trivially under G˜F . The flavor group GF is the
subgroup of G˜F that leaves the EI couplings (and the JI couplings) invariant. In the case
of a geometric target space X with an isometry group G˜F , this means that we have a
GF -equivariant holomorphic bundle over X. In the presence of such a global symmetry,
one can couple a background vector multiplet in the usual way, with supersymmetric value:
DF = 2ifF11¯ . (6.2)
We do not consider any background fluxes for the flavor symmetry in this work, although
their inclusion is straightforward.
It is natural to introduce a gF -valued background chiral multiplet ΣF , with a constant
value for the scalar field:
σF = mF . (6.3)
This background multiplet couples to the matter fields through the EI -potentials. We
must have
EI = EI(σ,mF , φ) (6.4)
some homogeneous polynomials of degree one in σ, mF . On the Coulomb branch, this is:
EI = σaEaI (φ) + (mF )I
J
FJ(φ) , (6.5)
where mF transforms in the appropriate representation of gF . The mass matrix on the































We also define the γ-blocks as in section 3 and the localization argument goes through.
The singularities of the integrand lie are along the divisors
P(γ, ργ)(σ,m
F ) = detM(γ, ργ) = 0 (6.7)
in M˜. The correlation functions are given by the JKG residue (3.18), with the understand-
ing that “JKG-Res” here stands for the sum of the local JKG residues at all the points in
M˜ where s ≥ rk(G) distinct divisors (6.7) intersect.
6.1.1 Example: P1 × P1
Consider the P1 × P1 model of section (4.2). On the N=(2, 2) locus, the theory has a
symmetry group G˜F = SU(2) × SU(2), which is completely broken for generic values of
the constant matrices A,B,C,D. However, if we choose the special locus
C = 0 , D = 1 (6.8)
in parameter space, we retain a global symmetry GF = SU(2). The mass matrices are
M1 = σ1A+ σ2B , M2 = σ21+m













O(σ1, σ2) dσ1 ∧ dσ2
(detM1)k1+1(detM2)k2+1
, (6.10)
where the residue is the global Grothendieck residue (the sum of all the local residues).
6.2 B/2-twisted GLSM from dualization
Consider an N=(0, 2) GLSM containing a g-valued vector multiplet, a chiral multiplet P
in the adjoint representation of g, and pairs of chiral and Fermi multiplets Φi and ΛI (with
i = I) which transform in conjugate representations Ri and R¯i of g, respectively.
We choose to assign the R-charges:
R[P ] = 0 , R[Φi] = ri , R[Λi] = −ri + 1 , ri ∈ Z , (6.11)
which satisfies the anomaly-free condition (2.52). The corresponding curved-space theory
realizes the so-called B/2-twist discussed in [22]. The potential functions EI and JI must
have R-charges −ri + 2 and ri, respectively. We choose EI to be independent of P and JI
to be linear in P . Classically, this preserves the alternative R-symmetry:
Raˆx[P ] = 2 , Raˆx[Φi] = 0 , Raˆx[Λi] = −1 . (6.12)




















where O(p) is any gauge invariant polynomial in the scalar p of the multiplet P , which are
operators in the B/2-type pseudo-chiral ring [22]. The presence of the Raˆx symmetry leads
to simple selections rules for (6.13). We have the same global anomalies (3.5) and (3.6) as
for the A/2-twisted case, with Rax replaced by Raˆx. The correlation functions (6.13) are
holomorphic in the various parameters, including the complexified FI parameters. By the
same arguments as in section 3.7, we also find that (6.13) is independent of the EI -couplings
and of the non-linear JI -couplings.
This B/2-twisted GLSM is related to the A/2-twisted GLSM of section 3 by identifying
P = Σ and exchanging the Fermi and anti-Fermi multiplets (this exchanges EI and JI).
The two models have isomorphic physics [22]. Interestingly, however, this B/2-twisted
GLSM does not have a (2, 2) locus. Geometrically, the present class of models correspond
an holomorphic bundle E over the target space X, with E a deformation of the cotangent
bundle. This is equivalent to the A/2-twisted model on the bundle E∗, with E∗ being a
deformation of the tangent bundle.
The B/2-twisted correlation functions (6.13) can be computed on the “Coulomb
branch” (with covering space M˜ ∼= Crk(G)) spanned by the scalar field p in the chiral
multiplet P ,
p = (pa) , a = 1, · · · , rk(G) . (6.14)
The supersymmetric localization argument works similarly to the one in section 3. On M˜,
we have JI = paE
a










and we have the same decomposition in γ-blocks as before. We then obtain a result









qk JKG-Res[η]Z1-loopk (p)O(p) dp1 ∧ · · · ∧ dprk(G) , (6.16)
with













The notation here is the same as in section 3.3. The one-loop contribution (6.17) is similar
to the A/2-twist case, and it is discussed in appendix C.2. The formula (6.16) can be
argued for by using the fact that the A/2 and B/2 models are isomorphic, with isomorphic
supersymmetry transformations after one integrates out the auxiliary fields GI in the Fermi
multiplets.
6.2.1 Example: P1 × P1 with deformed cotangent bundle
Consider the B/2-twist of the GLSM engineering the P1 × P1 model with holomorphic
bundle E defined by the short exact sequence:
























which is a deformation of the cotangent bundle of P1 × P1.
The GLSM consists of a U(1)1 ×U(1)2 vector multiplet, two neutral chiral multiplets
P1, P2, the chiral and Fermi multipletsXI ,Λ
X
I (I = 1, 2) of gauge charges (1, 0) and (−1, 0),
respectively, and R-charge 0, and the chiral and Fermi multiplets YK ,Λ
Y
K (K = 1, 2), of
gauge charges (0, 1) and (0,−1), respectively, and R-charge 0. The EI -potentials vanish








with A,B,C,D some constant 2× 2 matrices. The mass matrices are:
Mˆ1 = p1A+ p2B , Mˆ2 = p1C + p2D . (6.21)







O(p1, p2) dp1 ∧ dp2
(det Mˆ1)k1+1(det Mˆ2)k2+1
, (6.22)
which is isomorphic to (4.9).
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A Conventions and review of N=(0, 2) supersymmetry
A.1 Curved space conventions
Our conventions mostly follow [10, 13], to which we refer for further details. We work on
a Riemannian two-manifold with local complex coordinates z, z¯, and Hermitian metric:
ds2 = 2gzz¯(z, z¯)dzdz¯ . (A.1)
We choose the canonical frame
e1 = g
1





g = 2gzz¯ by definition. The spin connection is given by
ωz = − i
4
∂z log g , ωz¯ =
i
4

















Our only departure from the conventions of [10] is that we flip the sign of the Ricci scalar
R, so that R > 0 on the round sphere. The covariant derivative on a field of spin s ∈ 12Z is:
Dµϕ(s) = (∂µ − isωµ)ϕ(s) . (A.4)







A.2 N=(0, 2) supersymmetry in flat space
For completeness, let us briefly review N=(0, 2) supersymmetry in flat space, following [9].
We work in Euclidean signature on R2 ∼= C in complex coordinates. The N=(0, 2) super-




+ 2iθ˜+∂z¯ , Q˜+ = − ∂
∂θ˜+
− 2iθ+∂z¯ , (A.5)
and satisfy
Q2+ = 0 , Q˜
2
+ = 0 , {Q+, Q˜+} = −4i∂z¯ . (A.6)




− 2iθ˜+∂z¯ , D˜+ = − ∂
∂θ˜+
+ 2iθ+∂z¯ . (A.7)
We consider theories with an R-symmetry, U(1)R, which acts on the superspace coordinates
with charges R[θ+] = 1 and R[θ˜+] = −1. In the following, we review various supersymmet-
ric multiplet and we briefly discuss their relation to the curved-space twisted multiplets of
section 2.
A.2.1 General multiplet
The general multiplet S corresponds to a superfield
S(s0) = C + iθ+χ+ + iθ˜+χ˜+ + 2θ+θ˜+vz¯ , (A.8)
of spin s0 and R-charge r. The components
S(s0) = (C , χ+ , χ˜+ , vz¯) (A.9)
have spin
(
s0, s0 − 12 , s0 − 12 , s0 − 1
)
and R-charge (r, r − 1, r + 1, r), respectively. The
supersymmetry variations of (A.9) are:
δC = −iζ−χ+ − iζ˜−χ˜+ ,
δχ+ = 2iζ˜− (vz¯ − i∂z¯C) ,
δχ˜+ = −2iζ− (vz¯ + i∂z¯C) ,


















Here ζ− and ζ˜− are constant supersymmetry parameters, of R-charge 1 and −1, respec-
tively, and (A.10) realizes the supersymmetry algebra:
δ2ζ = 0 , δ˜
2
ζ˜
= 0 , {δζ , δ˜ζ˜} = −4iζ−ζ˜−∂z¯ . (A.11)
In curved space, we set ζ− = 0 and ζ˜− becomes a constant Killing spinor. One can obtain
the curved-space multiplet (2.8) from flat space by defining fields of vanishing R-charge
using ζ˜−:
C = (ζ˜−)
rC , χ1¯ = (ζ˜−)
r−1χ+ , χ˜ = (ζ˜−)
r+1χ˜+ , v1¯ = (ζ˜−)
rv1¯ . (A.12)




The chiral multiplets Φi and antichiral multiplets Φ˜i correspond to general superfields of
spin s0 = 0 and R-charges r and −r, constrained by:
D˜+Φi = 0 , D+Φ˜i = 0 . (A.13)
In components,
Φi = ϕi +
√




The fields (ϕi, ψ+i) have spins (0,−12) and R-charges (ri, ri − 1), and similarly for the
charge conjugate multiplet Φ˜i. The curved-space twisted fields (2.10) are defined by
φi = (ζ˜−)
riϕi , Ci = (ζ˜−)ri−1ψ+i ,
φ˜i = (ζ˜−)
−riϕ˜i , B˜ = (ζ˜−)−ri+1ψ˜+i .
(A.15)
A.2.3 Fermi multiplet
The Fermi multiplet ΛI and the anti-Fermi multiplet Λ˜I correspond to general superfields
of spin s0 =
1
2 and R-charges rI and −rI , respectively, such that:
D˜+ΛI =
√
2EI , D+Λ˜I = −
√
2E˜I , (A.16)
where EI and E˜I are themselves chiral and antichiral superfields of R-charges rI + 1 and
−rI − 1, respectively, which are given as part of the definition of the Fermi multiplet. In
components, we have
ΛI = λ−I −
√
2θ+GI − 2iθ+θ˜+∂z¯λ−I −
√
2θ˜+EI ,







The fields (λ−I , GI) and (λ˜−I , G˜I) have spin (
1
2 , 0) and R-charges (rI , rI − 1) and (−rI ,
−rI + 1), respectively. The curved-space twisted fields (2.13) and (2.15) are defined by:
ΛI = (ζ˜−)
rIλ−I , GI = (ζ˜−)rI−1GI , EI = (ζ˜−)rI+1EI ,
Λ˜I = (ζ˜−)



















A vector multiplet is a pair (V ,Vz) of general multiplets of spin s0 = (0, 1) and vanish-
ing R-charge, subject to the gauge redundancy (2.19). In WZ gauge, the corresponding
superfields read:
V = 2θ+θ˜+az¯ , Vz = az + iθ+λ˜− + iθ˜+λ− − θ+θ˜+D , (A.19)
and the supersymmetry transformations are given by
δaz = −iζ−λ˜− − iζ˜−λ− , δaz¯ = 0 ,
δλ− = iζ−(D + 2ifzz¯) , δλ˜− = −iζ˜−(D − 2ifzz¯) ,
δD = 2ζ−∂z¯λ˜− − 2ζ˜−∂z¯λ− ,
(A.20)
where fzz¯ is the field strength
fzz¯ = ∂zaz¯ − ∂z¯az − i[az, az¯] . (A.21)
The twisted gaugino in (2.20) are defined by λ˜ = (ζ˜−)
−1λ˜− and λ1 = ζ˜−λ−, while aµ and
D are R-neutral and therefore remain untwisted.
B Elementary properties of the Grothendieck residue
The Grothendieck residue is defined as follows [56]. Let x = (x1, · · · , xr) be complex coor-
dinates on Cr. Let f1(x), · · · , fr(x) be r distinct functions, holomorphic in a neighborhood
of x = 0, U ⊂ Cr, and assume that the fi’s have x = 0 as a single isolated common zero in
U . The Grothendieck residue is defined on any (r, 0)-form
ω =
f0(x)
f1(x) · · · fr(x)dx1 ∧ · · · ∧ dxr , (B.1)







with a real r-dimensional contour:
Γǫ =
{




)∧ · · · ∧ d( arg(fr)) ≥ 0. This residue is imminently computable. We
refer to [56] for some background on the subject, and to [63, 64] for some discussions of
algorithms for computing the residue in general.
Here we summarize two of the most elementary properties of the residue, which are
useful in explicit computations. Let us define the Jacobian determinant





















A simple property of the residue is that
Res(0) ω =
f0(0)
Jf (0) , if Jf (0) 6= 0 . (B.5)
Another interesting property is the transformation law [56]. Suppose that the two sets of
r holomorphic functions on U , {fi} and {gi}, both have x = 0 as isolated common zero,





Then, one can prove that:
Res(0)
(
f0(x) dx1 ∧ · · · ∧ dxr




f0(x) det(A) dx1 ∧ · · · ∧ dxr
g1(x) · · · gr(x)
)
. (B.7)
One can often compute (B.2) by finding an holomorphic matrix A such that the new {gi}
defined by (B.6) are simply given by
gi = (xi)
ni , (B.8)









f0(x) det(A) dx1 ∧ · · · ∧ dxr
(x1)n1 · · · (xr)nr . (B.9)
C One-loop determinants
Consider the gauge theories with a N=(2, 2) locus of section 3. In this appendix, we
compute the one-loop determinant of the matter fields. The one-loop contribution from
the W -bosons and their superpartners is exactly the same as in [13], to which we refer for
further discussions of the gauge sector. We also briefly discuss the one-loop determinants
relevant for the B/2-twisted models of section 6.2.
C.1 Matter determinant for A/2-twisted GLSM with (2, 2) locus
The matter sector localization is performed with the kinetic terms of the chiral and Fermi
multiplets. Placing oneself at a generic point on the Coulomb branch and expanding the
Lagrangian at quadratic order in the matter fields, one finds:
Lloc = φ˜
I∆bosIJ φ





+ iB˜IQI(λ˜)φI + 1
2
B˜Σa φ˜I(∂σ˜aM˜IJ)ΛJ , (C.1)
with the kinetic operators























Here MIJ was defined in (3.9), and QI are the gauge charges of ΦI ,ΛI . Since the mixing
is limited to the γ-blocks defined in section 3.1, we restrict ourselves to a single block of
gauge charge Qγ and effective R-charge
rγ = rγ −Qγ(k) , (C.3)
in a given flux sector. It is easy to perform the supersymmetric Gaussian integral explicitly.
It will be sufficient to focus on the case λ˜ = B˜Σ = 0. Most modes organize themselves into
“long multiplets” (φ, φ˜,Λ, C, B˜, Λ˜) with
− 4D1D1¯φ = λ(γ,k)φ , λ(γ,k) > 0 . (C.4)
On the round sphere, we simply have the spectrum:
λ
(j)


















(γ,k) has multiplicity 2j+1. It turns out that we do not need to know the exact
spectrum {λ(γ,k)} to carry out the localization argument, therefore the final result is valid
on any non-degenerate Riemann surface of genus zero. The total contribution from the
non-zero modes reads:
Zγmassive(σ, σ˜, Dˆ) =
∏
λ(γ,k)
detγ(λ(γ,k) + |Mγ |2)
detγ
(
λ(γ,k) + |Mγ |2 + iQγ(Dˆ)
) , (C.7)
where λ(γ,k) runs over the full spectrum of non-zero eigenvalues including their multi-
plicities, detγ denotes the determinant in the γ-block and |Mγ |2 = M˜γMγ . The more
important contribution comes from the zero-modes, which are of two types depending on
rγ — see (2.61)–(2.62). If rγ < 1, there are |rγ − 1| zero-mode multiplets (φ, φ˜,Λ, B˜) corre-
sponding to j = j0(rγ), while if rγ > 1 there are rγ − 1 fermionic zero modes (C, Λ˜). This
gives:
Zγzero-modes(σ, σ˜, Dˆ) =
(detγ Mγ)





))1−rγ if rγ < 1 . (C.8)
The complete one-loop determinant for the matter fields in the γ-block is therefore
Zγ(σ, σ˜, Dˆ) = Zγmassive(σ, σ˜, Dˆ)Z
γ
zero-modes(σ, σ˜, Dˆ) . (C.9)
The complete one-loop contribution from the matter fields is obtained by taking the product

















C.2 Matter determinant for the B/2-twisted model
Consider the B/2-twisted model described in section 6.2. Setting EI = 0, the matter sector
Lagrangian for a chiral and Fermi multiplet pair of gauge charges QI reads:
LB/2 = φ˜
I∆bosIJ φ






with the kinetic operators






Here we considered a given flux sector with a constant background for the P multiplet,
and we set the fermionic zero modes to zero. The main difference with (C.1) is that (C.10)
is not fully δ-exact, because (2.39) is not δ-exact. Moreover, we integrated out GI to
arrive at (C.10). Nonetheless, we can still carry out the localization argument by some
appropriate scaling of the various terms.
At Dˆ = 0, the Gaussian integral with Lagrangian (C.10) only has contributions from
the zero modes. Defining rγ as in (C.3), there are |rγ − 1| zero-mode multiplets (φ, φ˜, Λ˜, B˜)
if rγ < 1 and rγ − 1 fermionic zero modes (C,Λ) if rγ > 1. This gives the one-loop
determinant
Zγzero-modes(p, p˜) = (det Mˆγ)
rγ−1, (C.12)
for each γ-block.
D Cˇech-cohomology-based results for the correlation functions
Some of the correlation functions computed in this work can also be obtained independently
in the corresponding NLSM, providing us with a non-trivial check of our results. The NLSM
computation is essentially an explicit computation of the relevant sheaf cohomology ring,
which can be done using Cˇech-cohomology techniques [23, 25, 65]. In this appendix, we
summarize some results for the P1 × P1 and F1 models. (The computations presented in
this appendix were originally worked out for [58], and are given here with the permission
of L. Anderson.)
D.1 P1 × P1
Consider the A/2-twisted P1×P1 model of section 4.2. The idea behind the Cˇech cohomol-
ogy approach is to construct explicit Cˇech representatives of the sheaf cohomology groups
and compute their classical cup products directly. This was applied in [23, 25] to simpler
versions of the P1 × P1 model. Recall that a general deformation E of the tangent bundle
of P1 × P1 is given by
























for x and y the vectors of homogeneous coordinates on the two P1 factors. Let us cover
P
1 × P1 by open charts, as
Uij = {xi 6= 0, yj 6= 0} . (D.3)
We then construct representatives of the sheaf cohomology groups H1(E∗). However, using
the definition above it is straightforward to show that H1(E∗) ∼= H0(O2). Therefore, in
order to construct representatives of the desired sheaf cohomology groups, we can apply
the coboundary map (in the long exact sequence derived from the dual of the short exact
above) to elements of H0(O2).
The first step in the construction of the coboundary map is to lift elements of H0(O2)
to meromorphic sections of
O(−1, 0)2 ⊕O(0,−1)2. (D.4)










for some constants a1···4, b1···4. Then, for example, the lift of (1, 0)
T ∈ H0(O2) is defined







Using this constraint, one can solve for the constants a1···4, b1···4. In particular, there are
eight constants (a1···4, b1···4) and eight linear equations that they must satisfy (determined
by the coefficients of each xiyj in each of the two entries in the matrix product), so one
expects a unique solution. More generally, it is straightforward to solve for the constants
a1···4, b1···4 that lift (1, 0)
T and (0, 1)T on each coordinate patch. The Cˇech representatives
Yij,i′j′ for lifts on different patches of a given element of H
0(O2) are then determined as
differences of the form
Yij,i′j′ = Li′j′ − Lij (D.7)
on the patch Uij ∩ Ui′j′ .
At this point, the Y ’s give Cˇech representatives of a given element of H1(E∗), cor-
responding to elements of H0(O2). On P1 × P1, the cup products of pairs of elements
of H1(E∗) are top-forms, whose integrals determine classical (two-point) correlation func-
tions. In principle, Cˇech representatives of those cup products are formed from the ratio of
the minors of a matrix whose columns are the Cˇech representatives above, to the reduced
maximal minors of the nullspace of the map E. The resulting ratios define the cup products

















Finally, the two-point correlation functions are in principle determined as integrals of
the form
〈Y Y˜ 〉 =
∫
P1×P1
Y ∪ Y˜ . (D.8)
More precisely, in principle the cup product yields an element of H2(P1 × P1,∧2E∗), so
part of the details we are suppressing is the use of the isomorphism detE∗ → KP1×P1 to get
what is honestly a top-form from the cup product. (That isomorphism is determined only
up to e.g. overall phases, and plays an important role when considering how the correlation
functions vary over the moduli space.) In the language of Cˇech cohomology, to explicitly
evaluate (D.8) we need a trace that does not see any coboundary that does not touch
every patch, and which extracts pieces proportional to an inverse power of a product of
homogeneous coordinates. In the present case, the desired trace has the form
〈Y Y˜ 〉 = (x1x2y1y2)
(
(Y ∪ Y˜ )1,1;1,2;2,1 − (Y ∪ Y˜ )1,2;2,1;2,2
)
. (D.9)
The final result for the two-point functions is given by (4.11), in agreement with the JKG
residue formula. These classical correlation functions obey
〈detM1〉 = 0 , 〈detM2〉 = 0 , (D.10)
with M1,M2 defined in section (4.2).
To compute the four-point functions, there are two natural approaches. If one does not
know the quantum sheaf cohomology relations, the four-point functions can be computed
by analogous Cˇech methods on the GLSM moduli spaces [23, 25, 65]. Another simpler
method is available if we already know the QSC relations, as is the case here [15, 36, 37],
since one can simply use these relations to derive the four-point functions from the two-
point functions algebraically. In this case, the QSC relations read:
det(Aσ1 +Bσ2) = q1 , det(Cσ2 +Dσ2) = q2 , (D.11)
which gives the following equations for the four-point functions:
〈σ41〉 detA+ 〈σ21σ22〉 detB + 〈σ31σ2〉γAB = q1 〈σ21〉 ,
〈σ31σ2〉 detA+ 〈σ1σ32〉 detB + 〈σ21σ22〉γAB = q1 〈σ1σ2〉 ,
〈σ21σ22〉 detA+ 〈σ42〉 detB + 〈σ1σ32〉γAB = q1 〈σ22〉 ,
〈σ41〉 detC + 〈σ21σ22〉 detD + 〈σ31σ2〉γCD = q2 〈σ21〉 ,
〈σ31σ2〉 detC + 〈σ1σ32〉 detD + 〈σ21σ22〉γCD = q2 〈σ1σ2〉 ,
〈σ21σ22〉 detC + 〈σ42〉 detD + 〈σ1σ32〉γCD = q2 〈σ22〉 ,
(D.12)
with γAB and γCD defined in (4.13). The resulting expressions agree with the result one
can obtain from the residue formula (4.9).
D.2 Cˇech-cohomology-based results for F1
Cˇech-cohomology-based arguments can also be used to derive the two-point functions of

















for n ≥ 2 the theory does not correspond to the Fn model in the UV, but to an orbifold
phase.
The structure of the Cˇech cover for F1 is essentially identical to that of P
1×P1, therefore
the (classical) two-point functions should be identical, albeit with changes in parameters.
Reading off results from the P1 × P1 model and following the notation of section 4.3, one
recovers (4.22), in perfect agreement with the residue computation. Higher-point functions
can again be obtained algebraically using the QSC relations (4.25).
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